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Chapter 7: Waves /instab. in inhomogeneous plasmas |

| Overview |

e Hydrodynamics of the solar interior: radiative equilibrium model of the Sun,
convection zone; [ book: Sec. 7.1]

e Hydrodynamic waves & instabilities of a gravitating slab: HD wave equation,

convective instabilities, gravito-acoustic waves, helioseismology; [book: Sec. 7.2]

MHD wave equation for a gravitating magnetized plasma slab: derivation MHD
wave equation for gravitating slab, gravito-MHD waves; [ book: Sec. 7.3]
Continuous spectrum and spectral structure: singular differential equations,
Alfvén and slow continua, oscillation theorems; [ book: Sec. 7.4]

Gravitational instabilities of plasmas with magnetic shea . energy principle for
gravitating slab, interchange instabilities in sheared /shearless magnetic fields.
[ book: Sec. 7.5]
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[ Structure of the Sun |

Standard Solar model: convection Zm
Ry =7.0x10%m, My = 2.0 x 103 kg.

Solar luminosity (total power output):
Lo =3.86 x 10°°W
= heatfluxat 1AU (= 1.5 x 10 m):
Lg
4t x (1 AU)?

Produced by p-p fusion reactions in the core:

4p — He' 4+ 2¢™ + 21, (0.5MeV) + 2+ (26.2MeV) .

radiative zone
= 1.36 kW m™* (solar constant).

Energy ~ radiation transported through radiative zone (0.25R, < r < 0.713Rz)
outward. Takes millions of years per photon, wavelengths shift to visible light.

Radiative transport exceeded by convection in convection zone (0.71Rs <1 < Rp).
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| Radiative equilibrium model |

HD (= MHD with B = 0) equations:

]]?)—i +pV-v =0, (1)
,O%ZJer—pg:O, where g:—G@er, Cil—ﬂf:zm%, (2)
pg—i+pV-V=V-[)\V(/€T)]+p5, where ezﬁg. (3)
New: a) radiative transport governed by thermal conduction coefficient A(7),
A= \p,T) = (160/(3k)) T?/(kp), with opacity x = k(p,T). (4)
b) thermonuclear energy production per unit mass &(r):
e=e(X,p,T) = 0.25pX>(10° /TP exp{—33.8 (105 /T)"/3} . (5)
c) equation of state mimicking particle species by mean molecular weight j(r):
p%lzchnif ép:iak;—f, where p = pu(p,T). (6)

Mixture H™ (,u:%), He™* (,uzg), heavier ions (1 = 2): pu ~ (2X + %Y + %Z)_1 .
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[ Static equilibrium (v =0, a/0t = 0) |

e Hydrostatic equilibrium:

dp . pM dM 2 my [4p
o Yy ,(:——) 7
dr r? dr mp P=% T (7)

e Radiative equilibrium:
ld [N — d —(kT) | = —pe, exploiting local luminosity L
r2dr dr - P P J y
dT 3 L dL

= — = — i — =drripe. (8)

dr 64dmwo 213’ dr

ODEs ([7)-(8) are complete when supplemented with u(p,T), x(p,T), and e(p,T)
obtained from microscopic data on abundances, ionization, scattering, etc.

e Boundary conditions:

= Provides realistic solutions, where values p(0) and (0) correspond to thermonuclear
burn, but assumption of hydrostatic equilibrium up to the solar su rface is wrong!
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Solution (Foukal, Solar Astrophysics, 1990):

1.2

L/Lg

T/Ty

P/Po

0.0 0.2 0.4 0.6 0.8 1.0
F/Ro

dr

Obtained with modified BC at r» = 0.713 7. : ar _ (d_T) (10)
dr 1sentr. |

since convection zone is convectively unstable!
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[ Convection zone |

In outer layers of the Sun, cooling is so strong that absolute value of temperature
gradient exceeds threshold given by Schwarzschild criterion for convective stability.

Strong mixing in convection zone, i ~ const, so that equation of state becomes

p=TRpT, with gas constant R = (k/m,)u"" (11)
1 1 1
= T = = (%p’ - ;p’) [: = (%p’ +g) , using equil. p’ = —pg] . (12)

Neutrally stable motions only if fluid is isentropic:

1 y—11 1 y—1
S=pp 7 =comst = —(I)y =~ — 1 [: ﬁ%g] B

Convective instability when actual temperature gradient —7" exceeds this value,
l.e. when Schwarzschild criterion for convective stability

)
N = [i pg+EL < 0] . (14
VP P

. T/ S _(T/>

violated. = Recover criterion for gravitational stability [in square brackets]:
Convective and gravitational (Rayleigh—Taylor) instabilities are the same!



Waves instab. inhomogeneous plasmas: HD of gravitating slab (1) 7-7

 HD wave equation |

e Gravity waves unstable if Schwarzschild criterion for convective instability is violated.
=- Consider more general solar oscillations, neglecting B and spherical geometry:
Gravito-acoustic waves in planar stratification (depend on vertical coord. x).

e Equilibrium of plane slab with constant external gravity field g = (—g¢,0,0):

Vpo=pg = pylz) = —po(x)g. (15)
e Linearize HD equations: Ip1
EJrvl-VpoeroV-Vl:O, (16)
ov
Po 6—t1 + Vpr — ;g =0, (17)
0
%Jrvl-VpoJrvpoV-W:O. (18)
e With vi = 0&/0t = Wave equation for gravito-acoustic waves in plane slab:
0*€
— —V(pV-§) —pV(g-&) +pgV-£=0. (19)

ot?
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e Normal mode solutions &(r, t) = ¢ (z) elhyth2=wt) — matrix EVP:
d d d d .
2 : .
+—p— ik,(=——p+ E.(—yp+ x
pos T AP ] y(d P PQ) ! (de? PQ)\ (f \

by (10— —pg)  p? =K —kyk.yp & | =0. (20)

\ k(- —pg)  —hyhp pw’ —kp )\ &)

e Rotate coordinate system so that k, = 0 = préZ = (0, express fy In é; and éx
and insert in first component of Eq. (20) = Second order ODE for &,

d ( VP pw? d&) N [pw2— kip’g” iy kiyp pg )’]é 0. (21)

dr \ pw? — k3yp dx —kiyp  pw? — kgyp

e Imposing rigid boundary conditions,

E(r=0) = (r=a) =0, (22)

where x = 0 corresponds to center and x = a to surface of the Sun, is OK as long
as modes are sufficiently localized (cavity modes).



Waves,instab. inhomogeneous plasmas: HD of gravitating slab (3) 7-9

[Convective instabilities]

e Since time-scales gravitational instabilities much longer than time-scales acoustic
oscillations, assume p |w?| < kiyp. Wave equation @I) simplifies to

d IOWQ déx 2 2\ ¢
— — N7 & =0, 23
with Brunt—Vaisalaa frequency:
1 1 1 0% g°
N'=—g(=p'——p) |=—(lg+—)|. (24)
1% P P P

e Assuming rapid spatially oscillatory modes §x(az) ~ exp(igx), with ga > 1, gives
estimate for the eigenfrequencies of local instabilities:

k2
wQQwCQE . 0 .
ki +q

N*(x). (25)

— System locally unstable in range of = where N? < (, which is nothing else but
the Schwarzschild criterion. =- Convective instabilities grow as exp(v/ —w*1).
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[ Gravito-acoustic waves ]

e Exponentially stratified medium with constant sound speed:

p=rpoe ., p=pe T = = PP _ ot (26)
P Po
p=—-ap=—pg = a:pg:pog:lg:const. (27)
p Do ¢

Spectral equation ([21)) reduces to

5 o A 2 2 2.2 R
C w d <ea$d§x> . (WQ_ k()g T kocg )e—ozxgu@:o.

w? — kic? dw dx w? —kjc?  w?— kic?
(28)
e Squared Brunt—Vaisalaa frequency simplifies to
g’ g’
N*=ag—% =(y—1= >0 = only stable waves. (29)
c C
Eq. (28) transforms to
dQAx dAx 41202052 4 E22N2
o _ (B @ TR A RENT (30)

da? dzx c? w?

which is a differential equation with constant coefficients: solution is trivial.
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e Solutions:

Ly 1 wt — k32 w? + k32 N?
¢, = Celzotia)r qz\/—ZOzQJr OC%Z 0 . (31)

Expression under square root positive for oscillatory solutions satisfying BCs (22)
with quantized q:

qo=nm (n=1,2,...). (32)
e Dispersion equation of gravito-acoustic waves from inversion of Eq. (31)) for g :
wh — (ki + ¢ + 1) P + ki N? = 0, (33)
with solutions
4k2 N2
p7 1keﬂc 1+ \/1 — kaCQ , keff = ko + q + iOCQ , (34)

where k.g is the effective total ‘wave number’ and £ is the horizontal wave number.
— Branch with + sign: acoustic waves or p-modes (pressure driven);

— Branch with — sign: gravity waves or g-modes (gravity driven).
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[Dispersion diagram p- and g-modes]

500 | |
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300 —
(7)2
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0 — | | |
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e Frequencies p-modes increase monotonically, clustering at co: w.(¢°) T wp = o0
Frequencies g-modes decrease monotonically, clustering at O: wg(qQ) 1 wé =0
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[ Helioseismology |

e Power spectrum of solar oscillations, from Doppler velocity measurements in light
iIntegrated over solar disk (Christensen-Dalsgaard, Stellar Oscillations, 1989):

2077777 T T 7T T T T [T T T T T T 1
vz [ ;
(cm/s)2 :
80 [~ ]
% —q
L_ —
L -—
40 -
ol } & -
3 ’ I i
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0 WIETEL IR PV BT N T e T s P E BRE CRAT SUR
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00
v (pHz)
= Powerful tool for probing the interior of the sun!
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30 20 19 [5 .
e Done by comparison with theoretically v yr///
calculated spectrum for standard solar *H2) ———— modes
model (of course, spherical geometry)
(Christensen-Dalsgaard, 1989).

e Orders of magnitude :
1000

T~bmin = v~ 3mHz
v, < lkm/s ~ 5 x 107* R /5 min
= linear theory OK!

s N< O

e p-modes of low order [ penetrate deep
in the Sun, high [ modes are localized
on outside. g-modes are cavity modes
trapped deeper than convection zone

and, hence, quite difficult to observe. oo

e Frequencies deduced from the Doppler
shifts of spectral lines agree with calcu-
lated ones for p-modes to within 0.1%!

1000
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[Systematics of helioseismology]

Solar M odel:
X(r),Y(r), Z(r)
T(r), p(r), L(r)

Extensions:
Q(r,0) — diff. rotation
B(r,0) — magn. field

p(r), T(r)

[
>

f(t) — stellar evolution

Spectral Code;

£(r) Y™ (6, ¢) €
(p & g modes)

Observations:

Doppler shifts of
spectral lines

— {wl,n}theory

A

Y

— {wl,n}observ.

Similar activities:

— MHD spectroscopy for laboratory fusion plasmas (Goedbloed et al., 1993),

A

— Sunspot seismology (Bogdan and Braun, 1995),

— Magneto-seismology of accretion disks (Keppens et al., 2002).
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[Gravitating magnetized plasma slab]

e Next step is addition of magnetic field (not spherical geometry since B does not fit!):

@ b .
X=Xo / Aex
///////// Z
X=X v L & i y
. B (X)
y
e Equilibrium (in between two bounding plates):

B = By(r)e, + B.(x)e., p=plx), p=p). (35)
j=VxB=—B(z)e,+ B (z)e., (36)
g=-Vb=—ge, = (p+3B%) =—pg. (37)

= Generic 1D model for inhomogeneous plasmas.
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e Starting point is the general MHD spectral equation:

82
F(§) =-Vr-Bx(VxQ)+(VxB)xQ+Vo V-(p§) = pa—tg = —pw’€, (38)
where 7=—pV-£€—€-Vp, Q=Vx(&xB). (39)
Aside:
e Recall homogeneous plasmas (Chap. 5) with plane wave solutions £(k) exp(ik - r):
p'F(E)=[-(k-b)’I— (¥ +Akk+k-b(kb+bk)]|-€=—w’€. (40)
In components:

— k20" + &) — K20 —kok, (0P + *) —kgk.c? & s

— koky (b2 + %) —K2(0*+ ) — K2 —kyk? | | & | = - | &

— kyk.c? —k,k.c? —kZc? . $
(41)

Corresponds to Eq. (5.35) [book (5.52)] with k, # 0: Coordinate system rotated to
distinguish between £, (becomes differential operator in inhomogeneous systems)
and k, (remains number).
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e Dispersion diagram wQ(kx) exhibits relevant asymptotics for &k, — oo:
wz
@ o2 (®) i
A %
fast
2
’wa i
.......*._._._._._._._A/wgo wAZ Q)Azji<—Alfvén
A/"'\* L slow
———————— ¥——————— W3 wé—x—
765432101234567 > Ky
(n)
Yields the essential spectrum:
wp = lim wi~ lim k2(b° 4 ¢%) = 0o, (fast cluster point) (42)
k,.— 00 k,— 00
wh = klim Wi =w? = kﬁbQ, (Alfvén infinitely degenerate) (43)
— 00
) b*c?
2 _ 1 2 _ 7.2 :
wg = k}cl—r>noo wy = kj s (slow cluster point) (44)

End aside
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Back to inhomogeneous plasmas:
e Fourier harmonics E(a:, ky, k.)exp |i(k,y + k.z)|, keep differential operators d/dzx.
e Field line projection in normal, perpendicular, and parallel directions:
e, =V, e (r)=(B/B) x e,, e|(r)=B/B, (45)
0, = d/dx
V=e0,+ie g+ie f, glx)=—-ie -V =(k,B.—k.B,)/B, (46)
flz) = —ie| -V = (k,B, + k.B.)/B,
£=¢e,—ine;, —iCey. (47)

MHD spectral equation (38) + extensive algebra! = Vector formulation of EVP:

(%(vp + Bz)% ~ [*B° %g(w +B%) + gpg %fw 4 fpg) (€ €)
— 9w+ 32)% +9p9 —¢(w+B) = f’B>  —gfyp ||n]|=—p 0| (48)
\ fvp% +fpg —fgp ~fr \¢) \¢)
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e Eliminate perpendicular and parallel components 7 and ( :
[(bQ T 02)w2 . f2b262] 5/ . gw2€

n=y9g D ; (49)
P PR (P KRG
5 .
e Substitute in 1st component =- 2nd order ODE formulation EVP [cf. HD Eq. (21))]:
d N de : - . L o w?— 2 AW — 212 /
— f?p — k — =0
D T |PW = PVt g — ket —F pg = £=0,
(50)
with singular factors
N = N(z;w*) = p(w” — f20°) [(b* + ) w” — [, (51)
D = D(z;w?) = w' = kj(0* + &) w* + ki f2b°c”.
Model | boundary conditions:
§(z1) = &(22) = 0. (52)

e This completes formulation EVP, remains: study singularities + explicit solutions!
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 Singular frequencies |

ODE (B0Q) describes all gravito-magnetohydrodynamic modes of a gravitating mag-
netized plasma slab with arbitrary equilibrium profiles.

Factor in front of highest derivative is crucial for local behavior:

N w? —wi(z) | w? — Wiz
R (b2+02> [ > 2A< )][ - 5( )] (53)
D |w? —wip(z) | [w? — wiy(z) ]
Alfvén and slow magnetosonic singularities (continuous spectra) for N — 0:
b*c? vp
2 _ 12 2 _ 2 _ 2
wilz) = f20* = F*/p, Ws(flf):fbhrcz:m%x(ﬂ?)' (54)
Slow and fast turning point frequencies (apparent singularities) for D — 0
4 f2b%c?
2 2
k b I1+4/1— : 1)
Wy fO( ) ( tc ) [ \/ k8<b2 n 62)2 } ( )
Function F(z) = —iB - V = k- B: gradient operator parallel to magnetic field

(important in stability studies!).
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| Gravito-MHD waves |

e Again, exponentially stratified medium with constant sound and Alfvén speed:

ax

B2

2="T0 20 (5p)
Lo Po
All singularities squeezed into constants, spectral equation (&Q) reduces to:

Ny d d 2 — b
0o @ e—ax_f 4w = = k§Q2w f
poDqy dx dx Dy
wQ(WQ o beQ>

—ag + ag D,

e AsinHD, solved by £ = Cexp|(ia £ iq)x]|, with quantized vertical ‘wave number’

p=poc ™, p=pec ™, B=DBye e =

e ¢ = (. (57)

1
q= \/——a2 + 0 | (W? = f202)(Dy + kiANE) 4 ag g?b*w? | = n z ,  (58)
4 N() a
where Brunt—Vaisalaa frequency now contains magnetic contribution:
~2 ~2 A 2
. g (y=1B-1yg Pog 2pj
N2 = _ — , O = , — 3 59
b I 1+06 po + 3B} & B (59)

so that instability (N3 < 0) occurs for 0 < 3 < (y — 1)1,
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e Dispersion equation of gravito-MHD waves follows from inversion of Eq. (&8) for q:
(W? — D) [w" — k5 (0* + cA)w* + k% f20°c + kicPNE ] + ag g*b°w? = 0. (60)

e Cubic equation easily solved for Parallel propagation (ko || B = f =ky, g =0):

Ak5P (k%0 + N3)
k(D2 + ¢2)?

wi =kgb®,  wig=1kig(b®+ ) 1ivﬂ—- (61)

‘Unaffected’ Alfvén waves and two gravitationally modified magnetosonic waves.
Solution with — sign corresponds to Parker instability.

e Perpendicular propagation (kg L B = f =0, g = ky):

wi =0 Wy = SkZ(b* + ) [ 14 4/1— NG, (62)
) : 2™ve kélff(bQ + CQ) )
with magnetically modified Brunt—Vaisalaa frequency:
~2 ~2
. g (y=DB+1 g
N? = ag — = >01!). 63
m =4I b? + 2 1+06 b+ ( ) (63)

Unusual: more stable than parallel propagation! (Note that w% IS marginal.)
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[Dispersion diagram for oblique gravito-MHD modes]

(b) 500 | ///y/ T I

400

300

el

200 .

100

0 100 200 300 400 500
EZ
0

e Note differences with homogeneous plasma:

w? T wh = oo (fast), w? | w3 (Alivén), w* T w3 (slow, with unstable n = 0, 1,2).
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| Rayleigh—Taylor instability in diffuse plasma |

Start from MHD wave equation (50). Keep inhomogeneity (no tricks with exponential
profiles!), but simplify by assuming incompressibility:

N — pct(w? — wy)? N
CQZE_m)o, so that . = — — pQ(wQ—wi)
P D — —kic?(w? — w?) D Ko
Similarly, terms in Eqg. (6Q) with finite numerators but infinite ) vanish, resulting in the
much simpler MHD wave equation for incompressible gravitating plasma sl ab:
d 2 dg 2 2
— | plw* —w — k| plw” —wy) + =0, 4= k B%/p,
dx[p( A)dx] pw? —wi) +p'g] ¢ /p

of course with the usual BCs £(0) = &(a) = 0.

Tangential components in the limit ¢> — oo simplify to

77_>_% 8 §_>_12’ (recall: g=ki., f=k)),
ko k()

where only one component is needed since the other follows from incompressibility:

V&= +gn+fC=0 (but ¢’V ¢ isfinite!) .
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Simplify even further, but keep essential inhomogeneity of the density:
32:38, p = po+ Pyt Witth,po,pgzconst.

Of course, the equilibrium equation @7), (p + %BQ)’ = —pg, must be satisfied.
Integration yields the pressure profile, but this result is not needed since p(x) does
not appear in the wave equation (peculiarity of incompressibility).

Now exploit scale-independence: Proper scaling of the equations should result in
an eigenvalue problem that is essentially independent of the thickness a of the slab,
the magnitude B of the magnetic field, and the density p, of the plasma:

r=a/a, ky=koa, l_cH = koacost), w® = WQPQQQ/Bg.
Also introduce dimensionless parameters for density gradient and gravity:

o =pya/py, T = poga)B; (B—V freq. Ng = —UT) :
The wave equation then becomes:

d d — -
- ) |~ R[(+00)& B ey +or] € =0,

to be solved on a unitinterval 0 < z < 1, with BCs £(0) = £(1) = 0, so that the
scaled eigenvalues depend on four parameters:  w* = w*(k3, cos*v); 0, 7).

(14 02)©* — ki cos™
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Formalise the problem so that it will be easier to generalise and also to implement
numerically. Of course, we also drop the bars now:

d de

i [P@c;w?)@] ~Quh)E=0,  £0)=£(1) =0,

where
= —(14+o0x)w? + kicos’?, Q=k(P—oT1).
0 0

Very efficient numerical routines exist to integrate a system of n nonlinear first order
differential equations y! = yi(y1,vy2, .. -Yn,t), © = 1,2,...n. Hence, transform
the above 2nd order ODE into a system of two (n = 2) 1st order (linear) ODEs by
defining an auxiliary variable ¢ = P¢":

flzw/Pa inQQ/P,
=

W:Qf; yé:le

Not accidentally, the independent variable in the numerical routines is called ¢ : such
problems come from initial value problems, 1;(0) = ¢;, with known constants ¢;.
However, we have a boundary value problem, y1(0) = y;(1) = 0, with unknown
eigenvalue w?!
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Hence turn the BVP into an IVP;: guess a value for w?, insert that in the functions
P(z;w?) and Q(x;w?), integrate the 1st order system from z = 0 to z = 1 starting
with the initial values

§(0) = 11(0) =0,

£(0) = y2(0)/P(0) =1,

and find the solution £(x) = y1(x). In general, that solution will not satisfy the BC
£(1) = y1(1) = 0. = Guess a new value for w? that is closer to satisfying the BC.
This method is called the shooting method.

The shooting method requires an algorithm for iterating on the eigenvalue parameter
such that the solution £(x) approaches the correct BV at = 1. Such algorithm is
provided by the oscillation theorem (Goedbloed and Sakanaka, 1974): the number
of zeros of the solution of the MHD wave equation is monotonic in the parameter w?.

The oscillation theorem holds with an important physical proviso: P(:z:;wQ) should
not vanishorgotoocoon 0 < x <1 = singularities are to be excluded.

When does that happen? When w? = w?(z) = kﬁBQ/p(a:) = (0 somewhere: the
continuous spectrum — w?%(0) > w? > w?(1) is to be avoided.
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We are now in an excellent shape to start solving the problem. One piece is still
missing: suppose we wish to investigate instability, how negative should the initial
guess for w? be: —oo? That would be awkward. It would be nice if we had an
estimate of the largest growth rate that can be expected.

Recall the second approach to stability, the one with quadratic forms. Rather than
going back to the general expressions, construct one from the 2nd order ODE by
multiplying with & and integrating over the interval:

1 1
/O e(PeY — Q€] dw = [PEC), — / (PE? + Q) dr = 0.

0
Since the boundary term vanishes for eigenfunctions, and P should be positive
everywhere, () must be negative in at least some region. Inserting the linear density
profile, this gives a perfect estimate of the range of eigenvalues to be expected.

Here is the exercise: Find a numerical library routine for solving a system of ODEs
and a convenient plotting library. Using these tools, compute a number of the lowest
eigenvalues of the discrete spectrum of modes of the incompressible plane plasma
layer with linear density profile and constant magnetic field for relevant values of the
parameters, i.e. in a range where Rayleigh—Taylor instabilities occur. Discuss the
different effects that occur. Note that finding the relevant parameters belongs to the
exercise (that is precisely what a physicist should do when formulating a problem).
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| FORTRAN program RT |

Download RT.tar.bz2 from

ftp://ttp.astro.iag.usp.br/pub/goedbloed/

or
www.rijnh.nl/users/goedbloéd

The following files are stored in subdirectory src of directory programRT:

RT.f — Fortran source of program RT

hgolib.f — Fortran source of library hgolib with subroutine ODE (and others)
ppplib.f — Fortran source of the library ppplib with plotting subroutines
Makefile — Makefile to compile RT, hgolib, ppplib

A typical sequence of commands is as follows:

cd programRT/src — Change to the subdirectory src.

make RT — This yields compilation of hgolib, ppplib, RT, with an executable "RT" in
src. Do not use it from there, since src should remain the directory of source files.
make clean — This command cleans out the directory src again.

cd .. — Changing to directory programRT now, you will find the executable RT there.
JRT — Executing RT from here results in screen output and a plot file RT.ps.

[Assistance by Jan-Willem Blokland is gratefully acknodgded.]


ftp://ftp.astro.iag.usp.br/pub/goedbloed/
http:/www.rijnh.nl/users/goedbloed
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e To experiment with the program, you need to change the input parameters of RT.f with

some editor and then run the above sequence again. The parameters are presently
set to give a hydrodynamics (HD) output. Find out what is the basic parameter
of RT.f that has this effect. Change that parameter such that the influence of the
magnetic field (MHD) becomes effective. Study the effect on the eigenfunctions and
the spectrum.

If you understand the structure of this relatively simple program, and you train yourself
In further editing the Fortran file so that you can create modifications to answer
guestions that you might want to investigate, you will find out that you gradually get
Into good shape to make much more general programs to study all kinds of waves
and instabilities in innomogeneous plasmas.

On the following two pages you find the output of RT for the HD and the MHD cases.
Now extend the program to give a plot of the discrete eigenvalues as a function of
the angle 1J. Explain the results.
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e HDsolution (k§ =10,9 =3, 0=1,7=10):

eta

ks i

Rayleigh-Taylor, sigma = 1.0,
Eigenf. n = 1, oms = -3.4615E+00
I I

/”
-~
/,/
I I I I
.0 0. 0.4 0.6 0.8 1
X
Eigenf n =10, oms = -6.8834E-02
n T | |
R \ /
\ /
! ! I \ A
L \ I —
| | \
\
|

tau

eta

ksi,

10.0, knul2 = 10.0, theta = 1.571
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e MHD solution (k}=10,9 =1im, o =1,7=10):

Rayleigh-Taylor, sigma = 1.0, tau = 10.0, knul2
Eigenf. -2.1880E-02 Eigenf. 1.9138E+00
I I I
Q] _ Q]
I e o
w - P _ -
~ ~ - — =
I I I
0.0 0.2 0.8 1 0 0.2
] Eigenf. n = 3, oms = 2.4206E+00
' I I I I :
1
1 .
0.5 ~ Spectrum:
N 1
= o . ; 0 WA (1) 63 (0)
. 0.0 — < 7
o " N / JW H~—> W
< ~_V
0.5 b— — n=1 2 3
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[ Singularities |

e We obtained insight in MHD spectrum for exponential equilibrium, with constant
‘singular’ frequencies (/N = 0, D = 0), but evaded two important difficult problems:
— Singular frequencies depend on x = continuous spectrum,
— Magnetic field is not uni-directional = magnetic shear.

e A problem reduced to a non-singular 2nd order ODE may be considered solved,
because one can obtain the answers numerically to any relevant degree of accuracy.
For example, consider numerical solution by shooting of the ODE

i [P(x;wQ) %] — Q(z;w) € =0, withBCs &(x1) =&(x9) =0.  (64)
dx dx

(1) Specify equilibrium p, p, B, B.(x), satisfying (p + %BQ)’ = —pg, and choose a
particular value w? = wW?") = P(x;w?) and Q(z;w?) known;

(2) Solve Eqg. (64) by means of standard library routine, starting from left BC and
stepping towards right end of interval |z, zo|;

(3) Since right BC will not be satisfied, choose new value w? = w2, using oscillation
theorem (see below), that brings solution closer to satisfying BC in next iteration.

2

e Shooting works if ODE is non-singular: Problem leftis treatment of the singularities.
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e Three kinds of singularity:
(@) (b) (©)

2
2 A

w2 -

i > X
X1 X0 X2 X1 X0 X2 X1 X0 X2

Case (a): If w%(x) is monotonic, any w” in the range w?(71) < w* < wi () leads
to a singular point x; < zg < x9, where the Alfvén factor may be expanded:

wQ—wi%—(wi/)o(az—xo) = P~ux—ux. (65)

This range yields continuous spectrum {w? } of Alfvén modes ({w?} of slow modes).
e Proof: Since P ~ s = x — x singularity gives logarithmic contributions, try solution

§=[Aiu+ Ci(ulnls|+v)] H(=s) + [Aou+ Co(uln|s| + v)| H(s),  (66)

with u(z) and v(x) regular, and constants A; 2 and C' 5 to be determined by BCs.
By substitution into ODE (64)), using H'(s) = d(s) and sd(s) = 0, one finds:
Aq # Ay (small solution may jump), C7 = C5 (large solution ‘continuous’) .

= With 3 constants one can always satisfy 2 BCs for any w” € {w?%(z)}; QED.
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Associated ‘singular ‘eigenfuctions’ have their most important component in the

tangential direction (schematic):

@ g,

A

X1

XAS

Y

® n, s
A

|

\

X1

X

A,S

> X

(a) normal and (b) tangential components of improper Alfvén and slow continuum
modes: Alfvén modes dominantly perpendicular, slow modes dominantly parallel.

Physical significance of these singularities: Solution of IVP by means of Laplace
transform, where w is assumed complex and continuation is obtained by deforming
Laplace contour around singularity, yields damping of MHD waves, analogous to
Landau damping of plasma oscillations for the Vlasov equation (Sec. 2.3). [Velocity
variable v of Vlasov problem corresponds to spatial coordinate x of MHD problem.]

This damping can be described as phase mixing of highly localized shear flows.
= Alfvén wave heating is one of the mechanisms proposed for coronal heating,
and also investigated for heating in tokamaks (e.g. in TCA-BR, S&o Paulo).
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[Schematic structure of the MHD spectrum]

e Quadratic V = 0 singularities (7-26, cases (b) & (c)) may produce clusterpoints of
the discrete spectrum at the tips of the continua.

e [ = (0 singularities are only apparent ones: coefficients of expansion around such
‘singularity’ produce cancellation of terms such that solution is completely regular.
Frequencies {wy, ;o(z)} act as separators of the different parts of the spectrum:

BN continuum
E===1 non-monotonic
—  Sturmian

<—  anti-Sturmian

2 2 2
{w?) {3} WE =00
—» <+ —> < —>
2
—— ¢ % —%— X% X% —%—— X —%— oo — W
0 2 2
{0} {00}
N W _ . - _ iy _/
slow Alfvén fast

e Oscillation theorem: Outside {w? ¢}, {w3, 5o} the discrete spectrum is monotonic
In number of nodes of eigenfunctions (either Sturmian or anti-Sturmian).
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[Energy principle for gravitating plasma slab]

Start from general expression for potential energy:

W= %/ WIVEPHIQP (- VPV -§ +])- & xQ—(§-VO) V- (p§) |dV
[ corrected from the book (p.366)! ]
e FEvaluate compressibility and magnetic field perturbation for gravitating slab:

V&= +gn+ fC, (67)
szlfBga Qy: _(By€>/+sz777 Qz: _(Bzf)/_kan (68)

e Insert and work out:

vt [T - L

2 _/2 Py 2
+B (k0n+k0§) (V- € vp) dv . (69)

e Minimization with respect to the tangential variables is trivial:

n=-J¢ and v.g=Ple o (= f£+pg (70)
ky P vpf

so that only first two terms of I/ remain = standard minimization problem!
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Recall: Standard quadratic form W' = 5 [ (Py&” + Qu€?) dx is minimised
. . d d _
by solution of the Euler-Lagrange equation %(Po %f) —Qé=0,
subject to the boundary conditions &£(x1) = £(x2) = 0.
Here, the Euler-Lagrange equation,
d F2 d 252
: N (g9 e, F=fB=-iB.-V. (71)
dv \ k§ dx

is just the marginal wave equation (Eg. (B0) with w? = 0).

Note: In contrast to the spectral equation (5Q), the marginal equation (71 contains
no eigenvalue so that BVP (£(x1) = 0 and &(x2) = 0) cannot be solved in general.
All one can do is ‘shoot’ once: Start from the left, satisfying left BC, integrate to the
right, and check whether or not more zeros are encountered on the interval (z1, x2).
From this fact alone, one can draw proper conclusion with respect to stability.

Next, proper treatment of singularities: When £ = (0 somewhere on (1, z5) , Alfvén
and slow continua fold over (7-26, case (c)) and reach the origin, lim,._,y N/D =
FQ/kg — 0, and the Euler-Lagrange equation for stability becomes singular.
Hence, two cases:
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A. Absence of singularities (F' # 0 for z1 <z < x9).
Relatively straightforward:

e Insert solution of EL equation back into 1/, and integrate by parts:
W= [ [R&” +&(Re)de = [Py E€T.

If (z1,25) larger than distance between two consecutive
zeros of the EL solution, split the interval and construct
composite trial function of left and right EL solutions: .
1 X
W =3(P&E —¢)) ‘x:xo <0 = unstable! X3 0 X2
If (x1,22) smaller than distance between consecutive zeros =- stable.

e Hence, Newcomb'’s first theorem (1960, derived for cylinder):

(1) If the ‘solution’ &, of the marginal Euler-Lagrange equation (71)) that satisfies the
left boundary condition £y(x1) = 0 has another zero on the interval (z1,x5), then
a trial function &; can be constructed (the composite function shown) that satisfies
both boundary conditions and the energy W (&) < 0 = System is unstable;

(2) If £ has no other zeros on the interval, that construction fails and W (&;) > 0 for
all trial functions = System is stable.
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e Connection with the spectral problem: 3
‘Shooting’ method to get instability growth rates. A w321
Special case of solving for discrete eigenvalues w2 .
outside ranges of w?(x), w(x), wi(x), wj%o(a:) ; (020) )
Guess initial value w? = W%, solve from the left, > X
keep adjusting w? until right BC is also satisfied.

Works because discrete spectrum is monotonic. X1 X2

e Oscillation theorem for MHD spectrum (Goedbloed & Sakanaka, 1974):
If x1 and =5 are consecutive zeros of &; satisfying MHD wave equation (&0) for w%,
then solutions &, of MHD wave equation for w3 oscillate faster than &; if w3 > w?
and N/D > 0 (Sturmian), and slower if N/D < 0 (anti-Sturmian).
[May be proved by means of self-adjointness property of force operator.]

e Consequence: Unstable discrete modes are always Sturmian because N/D < 0
for w? < 0. Hence, numerically solving instability eigenvalue problem (growth rates
and eigenfunctions) is not much more complicated than solving for marginal stability.
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B. Presence of singularites  (F' = ky - B(zg) = 0 for some z; < zy < x3).
Physical meaning:

e Horizontal wavevector ky L. B, so that perturbations do not disturb magnetic field:
Magnetic energy of Alfvén wave perturbations vanishes there because field lines are
not bent. At these positions, driving forces of instability are minimally counterbal-
anced by magnetic tensions so that instabilities tend to localize there.

e By magnetic shear (F’ # 0), this region of minimal field line bending can be limited.
(Recall shear stabilization of Rayleigh—Taylor instability of interface plasmas, where
magnetic shear was entirely localized to surface layer.)

e Introduce angles () between B and z-axis, and 6 between k; and z-axis:
F=ky-B=kyB(x)cos|p(x)—0], where p(xg) —0==+7/2. (72)
Expand Euler-Lagrange equation around singularity x = x:

pwr = F%(x) ~ (F’2)0 s* = k8(3290’2)0 5%, sS=x — xg, (73)

22

In P9

3 .
ds

] —{qo (1+ . )f — O, do = — < BQ¢/2 > . (74)
0

= %[52(1+---)
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Intermezzo on singular differential equations

e Standard theory of regular singularities in the complex plane (s — z):
1 1

N~ ol = 5//+;p(z) ’_?q(z)fzo, p(z) & q(x) analytic: (75)
( (2) P’ ¢ cont. spectrum:
Plz) =25 =potpzt 1. q=0 (I=1
< ¢ Cwhere ¢ 10 0 .< ) (76)
)= =g+ qz+-- marg. stability:
\q I ! : (Po=2,q #0 (l:2)

e Insert Frobenius expansion, & = 2¥ Z;’io a,z" (index v may be complex), in Eq. (Z5)
and balance different powers:

V1:V2:O (lZl)
220 [P (po— Dv — qolag = 0 :>{

Vi = —% +/1+4q) (I =2) (7’7)
2 (A Dy +pov+1) — gl ar = (—vpr + q1) ag,  ete.

e Index equation for marginal stability (I = 2) discriminates between:

(@) 14+ 4qgy < 0 : indices complex = local stability criteria,

/8
(b) 1 +4qy > 0 : indices real = global stability theory. (78)

End intermezzo
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(a) Complex indices ( 1 + 4qp < 0)
e Quite extreme oscillatory behavior at singularity s = 0 :

£ = s V/FHI L gT2miw 9612 g (win's)

o = i(s /A — g7y — 9671260 (win s)

where w = 5+/—(1 4 4gp) .

(79)

e Oscillation theorem: Marginal solutions (@) oscillate infinitely rapidly (n — o0) and
their amplitude also blows up when s — 0; Actual instabilities (b) are global (n = 1):

@ : ® :
A
/\/\V/\ UA\/\ > r > r
X1 X2 X1 X2

= w? = ( is clusterpoint of un- K oco —— > G

stable discrete eigenvalues: n=1 2 3 4 -
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e To avoid these instabilities, one should demand that 1+ 4qy > 0 (real indices). This
leads to necessary stability criterion for interchange modes:

/A /02§2 = _ /N2 < 1p2 /2 30
Po+= - \(E-PNg) <38 (80)

This is the Schwarzschild criterion, modified by stabilizing shear (RHS).

e Three terms represent driving force of gravitational or Rayleigh—Taylor instability
(heavy fluid on top of a lighter one), modified by adiabatic effects (term with ), and
stabilized by magnetic shear (RHS): Glass of gravitationally unstable plasma may be
turned upside down without contents dropping out, if magnetic shear is large enough!

i(m0+k2)  similar condition is known as

I\ 2
B
ﬁ+§ﬂﬁ(%> > 0 (NET§>. (81)

Violation implies highly localized instabilities close to singular surface (k4 um = 0),
where field lines can be interchanged without appreciable bending. The criterion
provides simple explicit condition that may be tested easily and that, for laboratory
fusion research, suggests measures (increasing shear or lowering pressure gradient)
to improve stability. Toroidal version of this condition: Mercier criterion.

e In cylinder geometry, with Fourier modes e
Suydam'’s criterion:
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(a) Real indices ( 1 + 4qy > 0)
e At the singularity s = 0, the two solutions now behave as

s ~ 87, Vs = —% + % 1 +4qy > —% (‘small’ solution) ,

&~ s, Ve = —% - %\/1 +4qy < —% (large solution) .

Hence, large solution &, always blows up at s = 0, whereas ‘small’ solution may or
may not blow up depending on whether square root is smaller or larger than 1.

(82)

e Just special case of continuous spectrum 3 s
(w? > 0) singularities discussed before: A \ ¢
‘Small’ solution may jump, large solution i a &
should be continuous, so that the singularity !
. . . . | | ) X
r = x, effectively splits the interval (z1, x2) X, e/ xXq X3

in two independent subintervals (z1, zs) and !
(xs, ), With respect to stability! Hence, we i
may construct trial functions like shown. !

e Energy contribution of ‘small’ solution at x, is negligible: ‘smallness’ counts as zero.
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Hence, Newcomb'’s final theorem:

For specified values of £, and k. such that /' = k,B, + k.B. = 0 at some point
r = x, of the interval (x1,xs), the gravitating plasma slab is stable if, and only if,
(1) the interchange criterion (8Q) is satisfied at x = x,; (2) the non-trivial solution
&1, of the Euler-Lagrange equation ([Z1)) that is “small” to the left of x = z, does not
vanish in the open interval (z1,z); (3) the non-trivial solution £ that is “small” to
the right of x = x, does not vanish in the open interval (x;, x2).

In principle, this solves all stability problems of the gravitating plasma slab. Of course,
application provides quite a bit more of physical insight!

However, calculating growth rates with the complete wave equation (BQ) provides
more information on the instablilities, and it is even simpler since that equation is
non-singular as long as w? < 0.

Finally, spectral theory of MHD waves and instabilities has significantly advanced our
understanding of the overall connection of these problems. Computational MHD has
contributed separately by providing superior new discretization methods that may be
generalized to arbitrary geometries and applied to extensions of the MHD model.



